A flavor model based on a A 4 modular group is proposed to account for both lepton and quark parameters (masses and mixing). We consider the inverse seesaw mechanism to produce the light neutrino masses. Both neutrino and charged lepton masses are obtained in terms of Yukawa coupling ratios and the module τ of the A 4 modular form. The calculated lepton and quark parameters are in good agreement with the recent data. *
Introduction
The type-I seesaw mechanism [1] is the common scenario to explain the smallness of neutrino mass. In this mechanism, the small neutrino mass is obtained by extension of the fermion contents with three chiral supermulti- On the other hand, the inverse seesaw mechanism [2, 3, 4] provides an alternative mechanism to explain tiny neutrino mass via a double suppression by the new physics scale M R via small scale µ s through the relation
In this mechanism, the singlets S acquire very tiny mass µ s which violates the lepton number. The lepton number violation (LNV) occurring by this tiny mass scale is very small compared to that in the case of type I seesaw. Thus the lepton number can be regarded as an approximate symmetry rather than an exact one. The Lepton number symmetry is enhanced when µ s and therefore m ν tend to zero, and lepton number violation (LNV) vanishes. [5] Many aspects such as the differences in mixing and mass hierarchy for lepton and quark sectors force the flavor symmetry to be proposed to account for these aspects. Several models based on discrete symmetries were proposed to account for flavor aspects (see [6] ). For most of these models, some additional scalars (flavons) were considered besides a lot of assumptions and extra Z N symmetries were proposed to account for experimental data.
Recently, finite modular groups Γ N have been proposed to interpret the flavor aspects [7, 8] . In modular groups, the coupling constants can transform non trivially and extra symmetries under modular weights are impeded into the group, so there is no need to impose other symmetries to match the data. Some of Γ N are isomorphic to finite permutation groups, for instance, [9, 10, 11, 12] , Γ 3 ∼ = A 4 [13, 14, 15, 16] , Γ 4 ∼ = S 4 [17, 18, 19] and [20, 21] .
In this paper, we introduce a model based on modular A 4 symmetry to account for masses and mixing for leptons and quarks. First, we give an introduction to the modular groups and modular forms and how to use it as flavor symmetry, then we explain our A 4 model in the lepton sector and finally we study the quark masses and mixing.
Modular groups
In this section, we give a brief summary of the modular groups and modular forms. The modular groupΓ is defined as linear fractional transformations on the complex upper half plan H and has the form [22, 23, 24, 8] 
where a, b, c, d ∈ Z, ad − bc = 1. The modular groupΓ is isomorphic to the projective special linear group
where
The groupΓ is generated by two matrices S and T where their action on the complex number τ is given by,
The two generators S, T can be represented by two by two matrices as
Because I and −I are indistinguishable in P SL(2, Z), we can say that
Define the infinite inhomogeneous modular groups Γ(N ), N = 1, 2, 3, .... as
For N = 1,
Any integers can satisfy the conditions a, d = 1 mod 1 and b, c = 0 mod 1, so Γ(1) ≡ SL (2, Z) . For N = 1, 2, we defineΓ(N ) = Γ(N )/{I, −I} whereas for N > 2,Γ(N ) = Γ(N ) because −I ∈ Γ(N ) for N > 2. It is straightforward to notice thatΓ(1) = P SL(2, Z) =Γ. The groups Γ(N ) andΓ(N ) are discrete but infinite, so we can construct the finite modular groups Γ N =Γ/Γ(N ).
The modular function f (τ ) of weight 2k is a meromorphic function of the complex variable τ satisfies
where the integer k ≥ 0. By using Eqs. (1) and (6), it is easy to calculate
From Eq. (8), one can get
From the above equation, we conclude that f (τ )dτ k is invariant under Γ(N ).
If the modular function is holomorphic everywhere, it is called "modular form" of weight 2k. The modular forms of level N and weight 2k form a linear space of finite dimension. In the basis at which the transformation of a set of modular forms f i (τ ) described by a unitary representation ρ, one can get
Consider the superpotential W (z, φ) be written in terms of supermultiplets φ I , where I refers to different sectors in the theory,
The invariance of the superpotential W (z, φ) under the modular transformation requires Y I 1 I 2 ...In (z) to be a modular form transforming in the rep-
The modular invariance forces the condition
Modular forms of level 3
The group A 4 has one triplet representation 3 and 3 singlets 1, 1 and 1 and is generated by two elements S and T satisfying the conditions
The modular form of level 3 has the form
The modular form of weight 2 and level 3 transforms as a triblet and is given by Y
(2) 3 = (y 1 , y 2 , y 3 ), [8] where :
where the Dedekind eta-function η(z) is defined as
One can construct modular forms of higher weights using the multiplication rules of A 4 [8] . 13), we chose the modular weights such that the following relations are satisfied:
2K S + 8K χ = 0,
If we chose K L = 1, K Hu = 4, we can get the modular weights of other fields as shown in Table ( 1) .
The lepton modular A 4 invariant superpotential can be written as
where Λ is the non-renormalizable scale and g 1 is the coupling constant of the term of the symmetric triplet arising from the product of the two triplets L andY , while g 2 is the coupling of the antisymmetric triplet term. Note that the chosen weights in 
In general, the charged lepton mass matrix, M e , is not Hermitian so it can be diagonalized by two unitary matrices as,
where M diag e is the diagonal mass matrix of charged leptons which depends on the modulus τ and the parameters λ 1 λ 3 and λ 2 λ 3 up to overall parameter. The neutrino mass matrix in the basis (ν L , N c , S) is given by
By diagonalization of this matrix, one can get three eigenvalues, one for the light neutrino and the other two for the heavy neutrino states. The masses of the light neutrino state m ν can be obtained as
The overall parameter 
The lepton mixing U P M N S matrix is given by
The mixing angles can be calculated from the relations
The mixing angles and mass ratios are determined by the ratios g 2 /g 1 , λ 1 λ 3 , λ 2 λ 3 and the modulus τ . The best fit values and 3σ ranges for the experimental results for inverted hierarchy are summarized in Table ( 
The value of τ = 0.507 + 0.871 i is close to τ = −ω 2 = 0.5 + 0.866 at which two neutrino eigenvalues are degenerate and two mixing angles are maximal.
It is clear that the value of θ 13 is so larger than its 3σ range.
We found better benchmark compatible with experimental results τ = −1.4961 + 0.525 i g 2 /g 1 = 0.36
The neutrino mass spectrum is inverted hierarchical one. The mass ratio 
which is compatible with the recent data in Table ( 2.
The pattern obtained at τ = −1.4961 + 0.525 i is a consequence of deviation from the value τ = −1.5 + .5i at which the neutrino mass matrix has one zero eigenvalue and two mixing angles are zero.
Quark masses
The embedding of the quark sector into a flavor model is a challenge due to the differences in the mass hierarchy and mixing for leptons and quarks. In this model, we extend the modular A 4 symmetry to the quark sector at the same value of the modulus τ = −1.4961 + 0.525 i. All quarks transform as singlets under A 4 . For this, we construct the modular forms of weight 4 by multiplication of two triplets of weight 2. Using A 4 multiplication rules of two triplets, one can get one triplet and three singlets all of weight 4 as
The transformation of the above singlets are = 0 is satisfied. The assignments of the quark fields are shown in table3.
The A 4 invariant superpotential for down quarks can be written as
The 
This mass matrix can be diagonalization by biunitary transformation,
with the corresponding eigenvalues
The hierarchical spectrum of down quark masses is in good agreement with the recent data for quark masses: [26] For the up quarks, the invariant superpotential under modular A 4 can be written as
Using the condition Y (4) 3 = 0, and assume that the couplings h u ij are of the same order, the up quark mass matrix takes the form
The right handed rotation of M u is found to be 
1 diag(0.000018, 0.01, 1),
which are in good agreement with the up quark mass ratios [26] m u m t = 0.000012, m c m t = 0.008.
The quark mixing matrix, V CKM takes the form 
which is close to the correct V CKM [26] except the 1-3 element is one order of magnitude smaller than the correct value.
Conclusion
We built a model which is free from large number of flavons and or extra symmetries like Z N symmetries which were considered in many models based on the flavor symmetry. The experimental mass differences ratios and lepton mixing angles are determined in terms of the modulus τ and the coupling ratio g 2 /g 1 . The predicted parameters of mixings and mass ratios are compatible with the recent data. For the same value of τ = −1.4961 + 0.525 i, we extend the modular A 4 symmetry to the quark sector. The calculated mass ratios are in good agreement with the experimental results. The V CKM matrix can be obtained up to small deviation in 1-3 element.
